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^ , Abstract 

00 ' We consider the Dirichlet Laplacian in a domain two three-dimensional 

parallel layers having common boundary and coupled by a window. The 
^ ] window produces the bound states below the essential spectrum; we obtain 

' two-sided estimates for them. It is also shown that the eigenvalues emerge 

' from the threshold of essential spectrum as the window passes through cer- 

, tain critical shapes. We prove the necessary condition for the window to be 

I of critical shape. Under an additional assumption we show that this con- 

dition is sufficient and obtain the asymptotic expansion for the emerging 
eigenvalue as well as for the associated eigenfunction. 
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'■ Introduction 

I : T.e. . a .... o. ..... . .... p.pe.. .e OMcM. 

>• . cian in the unbounded domains like infinite planar strips or three-dimensional lay- 

^ , ers with some perturbations. The interest is stimulated by the applications of such 

^ I models in quantum mechanics, in particular, in the theory of quantum waveguides. 

In the case the perturbation is absent, the system is trivial due to natural separa- 
tion of variables, while the presence usually leads to various phenomena interesting 
both from physical and mathematical point of view. 

One of the possible system attracting much attention is two adjacent parallel 
strips or layers coupled by the window(s) being bounded domain(s) cut out in 
the common boundary. The two-dimensional case was studied quite intensively, 
we refer here to [1], [2], [3], [1], [5], [6], [9] (see also references therein). It was 
shown that the perturbation by the window(s) is a negative one, i.e., it leads to 
the presence of the isolated bound states below the essential spectrum; the latter 
is invariant w.r.t. to the window(s). In the case of one window it was shown 
in [1], p], [5] that widening the window one produces more and more isolated 
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eigenvalues. They appear when the window's length passes through certain critical 
values; this phenomenon was studied in details and the asymptotics expansions for 
the emerging eigenvalues were obtained, see [Ij, [3J, [9J. 

In the three-dimensional case corresponding to window-coupled layers P. Exner 
and S. Vugalter showed that a small window generates one simple isolated eigen- 
value emerging from the threshold of the essential spectrum |[6j . They also obtained 
two-sided asymptotic estimates for the eigenvalue. The asymptotics expansion for 
this eigenvalue has been constructed formally in [13] . In the present paper we treat 
the same system but for a finite window. The presence of a window leads to non- 
empty discrete spectrum; we obtain two-sided estimates for the eigenvalues. We 
show that enlargement of the window produces new isolated eigenvalues emerging 
from the continuum, and it happens in the way similar to the two-dimensional 
case. Namely, there are critical shapes of the window so that enlarging the latter 
one generates a new eigenvalue below the threshold no matter how the increment 
is small. We show that the necessary condition for such eigenvalue to emerge is the 
presence of non-trivial bounded resonance solution corresponding to the threshold 
of the essential spectrum. We describe all possible resonance solutions. We also 
prove that the presence of the bounded non-trivial resonance solution of certain 
type is sufficient to generate an eigenvalue below the essential spectrum. We also 
give the leading terms of the asymptotics expansions for this eigenvalue and the 
associated eigenfunction. 



1 Formulation of the problem and the main re- 
sults 

Let x' = {xi,X2), X = (x',X3) be Cartesian coordinates in and M^, respectively, 
and u; C be a bounded simply-connected domain having infinitely differentiable 
smooth boundary. We denote 11^ := {x : x^ E {—d,0) U (0,7r)} U u, d ^ tc. In 
what follows the set u x {0} is referred to as window (cf. Figure). 

The main object of our study is the Dirichlet Laplacian in 11^ introduced 
rigorously as associated with the sesquilinear form 

i)^[u,v] := (Vm, Vv)l2{u^) 



on 1^2^(11^), and we indicate it as 7Y^. Hereinafter by W^ijluj) we denote the 
subset of the functions in (n^) vanishing on dU^. Our main aim is to study 
the spectrum of H^^. 

In order to present the main results we require additional notations. Assuming 
7^ 0, in a small neighbourhood of duj we introduce coordinates (r, s), where s is 
the arc length of du, and r is the distance to a point measured in the direction of 
the outward normal to dcu. By (r, 9) we denote the polar coordinates corresponding 

to {t,X3). 
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Figure. Window-coupled layers 



Let X = xit) ^ C°°(M) be a cut-off function vanishing as t > 1/3 and equalling 
one as t < 1/4. Given 6 > small enough, by 23^ we denote the set of the functions 

/ _2njr / a- 2TTjs aj 27rjs\ \ ^ 9 

uix) = \ ao + y e "=0 — = cos 1 ^ sin vr sin -, 

V ~t \Vj So v<7 So J J 2 

oo 

aj,aj G C, WuWl^^ := |ao|^ + + l^iH < oo, 

i=i 

defined on Ts := {x : r < S}. Here Sq is the length of du. We will show that these 
functions are well-defined (see Theorem 11.11) . 

Given S' C 11^^ and small 5 > 0, by 211(5, S) we denote the set of the functions 

u{x) =u^'^\x)x(^^) +u^^\x), (1.1) 

where u^^^ G ^J^, u^^^ G 1^2^(5*), u = on dU^ fl 5*. We will employ the symbol 
T>{-) to indicate the domain of an operator. 

Theorem 1.1. Suppose u) ^ ^. Then there exists > such that T>{Tt^) = 
22J(5, n^), and for each u G Vili.^) 

7^^M = -2Vm(°) ■ Vx-m(°)Ax- Am«, x = x{^ (1-2) 

The estimates 
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^2^(0) 



drdx^t 



L2{Ts) 
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r- 



dxl 



:i.3) 



L2{Ts) 



hold true, where the constants C, Ci > are independent of u^^^ and u^^^ . 

Let Aj = Xi{u!) be the isolated eigenvalues of Hu, taken counting multiplicity 
and ordered in the non-decreasing order. By a{-), a^ssi'), crdisci') we denote the 
spectrum, the essential spectrum and the discrete one of the operator. We will 
also use the symbol #A to indicate the number of the elements in a set A. 

Theorem 1.2. The essential spectrum ofHu coincides with [1, +00). The discrete 
spectrum consists of a finite number of the eigenvalues satisfying inequalities 



TT 



(tt + dy 



TT 



(tt + dy 



(D) 



[lA) 



where , jJf^ are the eigenvalues of the Neumann and Dirichlet Laplacian in 
cu, respectively. The number of the eigenvalues of Hoj is estimated as 



n J ,XD) . (D) 27rrf 



(tt + df 



(tt + d)2 



:i.5) 



We denote Bp{c) := {x' : \x' — c\ < p}. 



Theorem 1.3. Let uo = uj{t) G M."^ be a family of bounded simply-connected do- 
mains having infinitely dijferentiable boundary and satisfying the assumption 

(Al). For each to G (0, +00) and t close to to there exist diffeomorphism Ai{to, t) G 
defined in the vicinity ofuj{to) such that M.{to,t)uj{to) = uj{t), A^o(^O)^o) = 
I; the components of Ai{to,t) and their derivatives up to the second order 
are continuous jointly w.r.t. spatial variables andt. 

Then the eigenvalues of H-^jit) o-f^ continuous w.r.t. to t. If, in addition, the 

assumption 



(A2). There exist pi = Pi{t), i 
t e [0, +00), and 



1,2, such that 5pi(t)(0) C uj{t) C 5p2(t)(0), 
lim pi{t) — +00, lim P2{t) — 0; (1.6) 



u!{ti) C u!{t2) for all ti < ^2/ 



holds true, then there exists an infinite sequence — ti < t2 ^ t^ ^ . . ., such that 
# (JdisciT-Ccait)) = n, t e {tn,tn+i], tn +00, u +00, and Xn{uj{t)) ^1-0, 

t^tn + 0. 
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This theorem states that there exist critical shapes of uo such that enlarging 
them one produces new eigenvalue (s) below the essential spectrum. The next part 
of our results describes how such eigenvalues emerge. First we state 

Lemma 1.4. The problem 

- = ^ zn n^, ^ = on (9n^, (1.7) 

has at most finite number of bounded non-trivial solutions assumed to be even w.r.t. 

if d = IT. They can be chosen so that there is at most one solution behaving at 
infinity as 

^ = sinx3 + |~^), x' ^ +00, X3G(0,7r); (1.8) 
at most two solutions behaving as 

^ = ^^^^ smxs + 0{\x'\-^), x' ^ +00, X3 G (0, vr), \ci\^ + |c2p = 1; 

|x 1^ 

(1.9) 

and a finite number of solutions belonging to L2(n^). Each of these solutions is 
infinitely differentiable up to the boundary except duj x {0}, while in the vicinity 
of du X {0} it behaves as 

Q 

^(x) = /vi,(s)v^ sin- + C»(r), r 0, (1.10) 

where h E C^idu). 

Given u, we consider the family of bounded domains Ue C whose boundaries 
are := {x' : t = e/3(s)}, where e +0, and /? G C°°{du!) is an arbitrary- 
function. 

Theorem 1.5. Suppose the problem ( [i. 7[ j has no bounded non-trivial solution 
assumed to be even w.r.t. x^ if d = n. Then the operator 7i^^ has no eigenvalues 
converging to one as e +0. 

We introduce two-valued symbol, 7 := 1, if < vr, and 7 := 2, if ci = vr. 

Theorem 1.6. Suppose the problem ( [i. 7| j has the unique bounded solution as- 
sumed to be even w.r.t. X3 if d = ir, and it satisfies U.S\) . Then ^ 0, and there 
exists the unique solution \E' to ( [i. 7] ) satisfying the conditions 

^""^ ^ 2^ '''' 2 + 2 + ^ ' (1 11) 

\E'(a;) = cln sinxs + C(|a;'|~"'"), ^ +00, X3G(0,7r), 

where U e C^{du). If 

ii := ^ y (31% ds > 0; or ii = 0, ^2 ■= ^ j Phk > 0> (1-12) 



then there exists the unique eigenvalue of Ti^^ converging to 1 — as e ^ +0; it 
is simple, and 

A, = l-4e ^e-^(l + 0(£)), if ii > 0, 

A. = l-e"^(c + 0(£)), z/ ii = 0, i2>0, 

where c is a constant, C is the Euler constant. The associated eigenfunction satis- 
fies the identity 

= ^ + 0(v^) (1.14) 

in the norms of 1^2^(5') and 1^2^(5 \ Ts) for each bounded fixed domain S C 11^^ 
and 6 > 0. It decays exponentially at infinity, 

= \x'\ +00. 

// 

< 0; or ii = 0, 12 < 0, (1.15) 
then the operator Ti.^^ has no eigenvalues converging to 1 — as e ^ +0. 

We observe that the leading terms in the asymptotics fll.131) are discontinuous 
as d — tt; this is due to the presence of 7 in the formulas. The similar phenomenon 
was found formally in [13] in the case of small window. We note that it occurs in 
two-dimensional well, see [1]. 

Theorem 1 1 . 51 states that the necessary condition for the eigenvalues to emerge is 
the presence of a bounded non-trivial solution to fll.7p . There is a number of cases 
corresponding to various non-trivial solutions. One of the possible cases treats 
theorem 11.61 other cases remain open. It is an interesting question to obtain the 
results similar to Theorem ll.6l for the remaining cases. In particular, we conjecture 
that the total multiplicity of the emerging eigenvalues coincides with the number of 
bounded non-trivial solutions to fll.7p . The other conjecture is that if there exists 
the unique bounded non-trivial solution to (11.71) . then the eigenvalue emerges if 
ii > 0, and does not if ii < 0. Moreover, if the eigenvalue emerges, its asymptotics 
should depend on the behaviour at infinity of the non-trivial solution. Namely, we 
conjecture that 

A. = l-c-^ + ..., (1.16) 

if the non-trivial solution satisfies (II. 9p . and 

Xe = l-ce + ..., (1.17) 

if the non-trivial solution belongs to L2(n), where c are some constants. One of the 
motivations to these asymptotics is the results of [12] where the two-dimensional 
Schrodinger operator on the plane perturbed by a fast decaying potential was con- 
sidered. They addressed the same question on describing the behaviour of the 
eigenvalues emerging from the threshold of the essential spectrum. The asymp- 
totics similar to (11.131) were shown to occur in some cases, while in the other cases 
the asymptotics similar to (11.161) . (I1.17P were valid. 
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2 Domain of K 



The section is devoted to the proof of Theorem 11.11 We begin with the series of 
auxihary lemmas and notations. We denote fi^ := {(r, Xs) : r < 5} \ {(r, X3) : X3 = 
0, r > 0}, where 5 > is small enough. 

Lemma 2.1. For each g G L2{^5) there exists the unique generalized solution 


V G w:^{vl) to 

^T,xiV = g in Q, f = on dQ. (2-1) 



It can be represented as v = v^^^ + v^^\ v^^^ = ay/r sin |, where v^^^ G W2{i^)- The 
estimate 

\(^\ + \\v^'M\wi{ns)^C\\9\\L,(ns) (2-2) 
holds true, where the constant C is independent of g and S. 

Proof. It is sufficient to give the proof for two subcases corresponding to the 
function g being odd or even w.r.t. X3. In both cases the unique solvability of 
(12.11) follows from the standard results in theory of generalized solutions to elliptic 
boundary value problems. 

If g is odd, the generalized solution to (12. ip is odd w.r.t. X3 and hence v = 
as X3 = 0. Thus, this function solves the boundary value problem like (12. ip but in 

the half-disk fl {(r, 0:3) : 0:3 > 0}. By the smoothness improving theorems we 



thus obtain that v G W2{fis), a = 0, and the estimate (12. 2p is valid. 

Suppose now that g is even w.r.t. X3. We expand g into the Fourier series 

9i^, X3) = g2j+i{r) sin — - — 6, gp{r) = - g{T, X3) sin y d^, 

which holds true in L2(fi5)-norm. This fact can be established by analogy with 
the proof of Lemma 3.2 in [1]. The Parseval identity 

00 „ 

lkllL(n) = ^E / l^?2,+i(r)|Vdr (2.3) 

is valid. We now solve (12.10 by separation of variables, 

2j + 1 

''J2j+i\:r} sm 



x-i) = Y V2j+i {r) sin — - — e, (2.4) 



r 

j t-^^'g,it) dt-"-^J ti+^^?p(t) + ^ / f^^'gpit) dt. 



P 
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Let us first analyse the first term in this series. We define 



r 

1/1 



r 

1/3 



f i(r) := fi(r) — tti/r = r2 / t'^giit) dt — r 2 / t2gi(t)dt, 



1 



TT 



1 /r 



a := — r [ - — 1 ) g sin - dr dx. 



e 



It is easy to estimate the constant a: 



2 ^ llfi'l|L2(!^4)2 



(5 



25 



r (t~1) drdxs = — 11(7 



Employing the estimate 



r 

t^gi{t)\dt<:r j t^g^{t)\dt, 



(2.5) 



we check that 



Vi[r ) sm - 



{\v';\^r + \v[\\-^ + \v,\\-^) dr 



r 



t2\g^{t)\'^ dt \ dr 



(2.6) 



or 



2 

^2(05)' 



00 

where the constant C is independent of g and 5. In view of the inequality obtained 

00 

and (12. 5p it remains to show that the series Yl "^2^+1 (^) sin 2 converges in 

i=i 

PV2^(n5)-norm and to estimate its norm by ||5'||L2{Oi)- Hence, we should show that 



E 



V2j+i[r) sm- 



(2j + 1)^^ 



Employing the definition of fp, (12.31) . and the estimate 

2 



j t^^^g,{t) dt 



5^ 



+2 



p + 2 



r|5(p(r)pdr, 



we see that it is sufficient to check that 



where the constant C is independent of g and 6. This estimate follows from (12. 3p 
and the chain of inequalities 

I r'^-' i I t-^^hjit) dt\ dr ^1 ^ (l-^j / t-'-'^\9At)\'dtdr 
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^JW^lJ *""'l*(*>l « 15 -2,1(2, + 3) / '■I*''')! 

r 
<5 / r \ 2 (5 . r 





s 

2 



^(2,+7)(2,-l)y '-|*('-'l *• 



where we have integrated by parts. □ 
Lemma 2.2. For each f G L2{Ts) there exists the unique generalized solution 



u G W2{Ts) to the problem 

^T,x3,sU = f in Ts, u = on dTs. (2.7) 
It can be represented as 

u = u 

(o)+„(i)^ u(°)g235, u«Giy|(T5). (2.8) 

The estimates M.^) and 

+ (2.9) 

are valid. 

Proof. The unique solvability of (12. 7p is obvious. We separate variables and obtain: 

^ Q . 2 ^ Q ^\ 

/j(r, xg) COS h /j(r, x^) sin , 

So So / 

So So So 

Jo = — f ds, fj = — I f cos ds, fj = —f sm ds, 

So J So J So So J So 
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U{X) = Uq 



/ 2iTjs _ 2iTjs\ 

T,X3) + > Uj{r,X3)COS \-Uj{T, X3)sm , (2.10) 



where the series for / converges in L2{Ts), and the coefficients of (12.101) are the 
generahzed solutions to 

(A^^^3 — N'^)v = g in ^Is, v = on dVls, 

where = 27rj/so, and g = fj or g = fj. These problems are uniquely solvable in 



W^iQs)- By [11, Ch. V, Sec. 3.5, Eq. (3.16)] and the identity 
we have the estimates 

C c 

\\v\\L2{ns) ^ jp^Wahiins), IMw^iQs) ^ J^—jllahiins), (2.11) 

where the constant C is independent of g, N, and 6. Thus, the series (I2.10p 
converges in W2{^s)-noTm and therefore gives the generalized solution to (12. 7p . 
This solution solves also (12.11) . where the right-hand side is {g + N'^v). We take 
into account (12. lip and apply Lemma 12.11 to conclude that the function v can be 
represented as f = ay/r sin | + v''^\ where a and v^^^ G W2{^s) satisfy (12. 2p . 

Let us estimate a more precisely. It follows from Lemma ETT] that the ffist term 
in the series (12. 4p for v satisfies the relations 

27r 

9 9 1 C 9 

Vo{r) sin - = a^f sin - + vo{t, Xg), Vo{r) = - / sin - d9, 

I I TX J I 



where Vq G 1^2^ (fi^). The function vq solves the problem 

(^^^ - 4^ - ^0 = ^70 in (0,5), v^{5)=Q, g^ = ^ j g siJ-d9 . 





and obeys the condition fo(r) sin | G W^iS^s)- Hence, 

r 5 

f , , v^sinh A^(r — t) , sinhA^r f , ^ r . ^r, -, 







Proceeding as in (12.60 . we check that 

^o(t)Vtsinh Ar(r - t) dt G WiiVts) 
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and therefore 



a 



VtsmhN{t - 5) 
sinh N6 



^ sinh^ N{5 - t) ^ 



sinh^ N5 



C 



(2.12) 



where C = max 

[0,+oo) 



smh2f-2t 
4 sinh^ t 



< oo. It is easy to check that for 7^ 



/- -Nr ■ ^ 

V re sm - 
^ 2 



+00 



TT r e 



2~2Nr 



TC 





In the same way one can make sure 



dr ^ — / re~^' dt 



(2.13) 



-Afr • 

re sm ■ 



^A'(e 



-TVr 



1) sin ■ 



< CN, 



where the constant C is independent of N and 6. By (12.1 ip and (12.21) we conclude 
now that 



V — 


r' —Nr 


e 

sin - 
2 


V — 


r —Nr 

ay/ re 


e 

sin - 
2 


^(1) 


— ay/r{e~ 


-Nr _ 



c 



^ C||5(||L2(n,), 



where the constant C is independent of g, N, and 6. These estimates and (I2.12p 
applied to the coefficients of the series (I2.10p lead us to (12. Sp . (12. 9p . if we denote 
the fractions corresponding to uj and Uj by aj and aj. The inequality (II. 3p can 
be checked by estimating the appropriate norms of ^/re~^^ in the same manner 
as in dsn. □ 

Lemma 2.3. There exists 5o > small enough such that for any f G L2{Tsq) the 
generalized solution to 



A^u = f in Tso, u = on dTs^ , 
satisfies [T^) . 



(2.14) 



Proof. Lemma [2I2] implies that the domain of the operator At-^x3,s in Ts with Dirich- 
let boundary conditions is {u : u G ® W2 (Ts) , u\ g^,^ = 0}; the action of this 

operator reads as A^^J^^sU = Ar,x3,sU. 
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The Dirichlet Laplacian in Ts can be written as 

.(n) .(D) 2k-TV? ^ ^ k 9 tV! d 

^■^•^•^^ (l-rk)2 9s2 ' ' 1-rkdr {1 - rk^ ds' 

where k = k(s) G C^idQ). The operator r^^^-§^ is AS3,,-bounded due to 
(12.91) . (11.31) . and the bound is estimated by C6, C is independent of 6. The op- 
erator Ci is Aif^3,s-compact. Employing now [HI Ch. IV, Sec. 1.1, Th. 1.1], 
we conclude that the domain of A^P^ is the same as that of Ai^J^^s, if S is small 
enough. Therefore, the representation (12.81) is valid. The estimates (12.91) . (11.31) for 
the solution to (12.141) follow from those for the solution to (12. 7p and Ch. IV, 
Sec. 1.4, Th. 1.16]. □ 



Let u be a function in the domain of TC^. By the definition, u G W2(Jluj), and 
it is a generalized solution to 

— AxU = f in n^^, u = on dU^, (2-15) 

where / = TiujU. Using the smoothness improving theorems one can make sure 
that u G W2{S) for any S E Il^\Ts, 6 > 0, and hence 

n^u = -A.,u. (2.16) 

It is also clear that 

hlkim)^c||/|U,(T,). (2.17) 

We denote 

u{x) := (l-;^(^))^x)Giy|(nj. 

Employing (12.171) and proceeding as in the proof of Lemma 7.1 in [TIH Ch. 3, Sec. 
7], one can check that and 

ll^llw^Kn^) ^ C'll/IU2(n„)- 

The function u{x) := u[x)x (^) is the solution to (12.141) with the right-hand side 
~ / r 

In view of (12.171) we have ||/||L2(Ta) ^ C'(5)||/||2,2(Ti)- Employing now Lemma| 
we conclude that the representation (12.81) and the estimates (12.91) . (II. 3p hold true. 
It remains to note that by (12.81) 

a.,(I)s.,(I)s<«.^,(:)sa. 

Denoting now u^^^ ■.= u + x (0 u^^\ "we conclude that (II. ip holds true. 



If u is given by (II. ID . it is easy to check that u G 14^2^ (11^^) is the generalized 

solution to the problem (I2.15p . where the right-hand side is that of (II. 2p . Thus, 

u belongs to the domain of TCi^. To prove (II. 2p . it is sufficient to substitute (II. ip 

into (I2.16p . The proof of Theorem 11.11 is complete. 
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3 Estimates and continuity of the eigenvalues 



In the section we prove Theorems 11.21 11.31 

Proof of Theorem li.H The main idea of the proof is borrowed from [5l Sec. I] . 
We introduce additional boundary du x {—d, vr) and impose in turn Dirichlet and 



int 



Neumann boundary condition on it. As the resuh, we have two direct sum Ti. 
H-^ext ci^nd H.'^^t ® '^^exti where H.^^} is the Dirichlet Laplacian in c<j x (— rf, vr 
and T^e^t is the Dirichlet Laplacian in IIi^ \ (u; x (— d, vr)). The operators , 

H.^^} are introduced in the same way; the difference is the boundary condition on 
duj X (— d, tt) which is the Neumann one. 
The identities 

f^css(^c^) = = f^css(^e2) = C^(^S) = f^ess(HS) = [1, +Oo) 

can be proven in the same way as the similar identity in the proof of Theorem 2.1 
in [2]. The eigenvalues of are calculated by separation of variables, 

It is clear that 7r^j^/(7r + rf)^ > 1, j ^ 2. Taking into account this inequality and 
standard bracketing [HI Ch. XEI, Sec. 15], we arrive at the estimates (11. 4p . The 
estimates (11. 5p follow from (11.41) . □ 

Proof of Theorem \1.3[ Let us prove first that the eigenvalues of 7it^(t) are contin- 
uous w.r.t. t. Given £ (0, +oo) and t close to t^, we introduce new variables by 
the rule 

X = (x' , X3), x' = 

2?3= (b{x',t)x(^]+l 

where (t, ?) are associated w.r.t. with x' in the same way as (r, s) and x'. Bearing 
in mind (Al), one can easily make sure that the variables x are well-defined for t 
sufficiently close to to, and the domain Ilu}(to) is mapped onto 11^^(4) under the change 
of variables. In the space L2(Jluj{to)) = L2(Jli^(t)) we define a unitary operator 




{Q{t)u) = VQu{Q{-)), q := det 



dxj 
dx. 



"J / ij=l,...,3 

where Q is defined as x = Q{x). By direct calculations we check that 

Qim^iDQ'^t) = b{Q'{-),t)n^^to) + A, (3.1) 
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Q2 Q2 Q2 Q2 Q2 

A ■■=hx2TrT^ + a;3&13^-^ h &22^ + ^23^-^ V 3^3^33^ 

OTOS OTOX3 OS'^ OSOX3 OX^ 

+ '^l^ + ^^2^ + ^^3^ h 60, 

OT OS 0X3 



(3.2) 



where = bij{x,t) e C{TsX {to-c,to + c)) , h = bi{x,t) e C{Tsx {to-c,to + c)) , 
and bij{x, 0) = bi{x, 0) = 0. The supports of bij, bi lie inside Ts. It is also follows 



from (Al) that 



b{x',t) = l + b{x',t), b{x',t) eCo{TsX {to-c,to + c)), b{x',0) = 0. 

Theorem 11.11 and, in particular, the estimates fll.3p imply that £2 is 'H^{tQ)- 
bounded. By (13. ip and the last formula for b we conclude now that the difference 
{Q{t)'Ht^(t)Q~'^ {t) —T^ujito)) is a small perturbation bounded relatively w.r.t. 7i(j(jo), 
and {Q{tQ)'H^(to)Q'^{h) = ^<^{to))- Thus, the eigenvalues of Q{t)H^(t)Q'^it), and 
hence of Ti.u,{t) converges to ones of 7i(^(to). 

Assume now that u}{ti) C a;(t2) for all ti < t2- These are the standard minimax 
arguments those show that the eigenvalues Aj(ci;(t)) are monotonically decreasing 
functions of t. Hence, to prove the last statement of the theorem it is sufficient to 
show that for each eigenvalue \i{u(t)) there exists ti such that \i{u!(t)) ^ 1 — 0, 
as t — s> + 0. Suppose that this is wrong for an eigenvalue \j{u!(t)) on a sequence 
fim) _^ ^0. In this case Ai(u;(t('"))) ^ Aj(cj(t("^))) ^ c < 1. At the same time, by 
[6l Th. 3.1] and the second identity in (11. 6p we have Ai(ti;(t)) — > 1 — 0, t — > +0, 
the contradiction. The sequence of critical values ti is infinite due to (ll.4p and the 
first identity in (II. 6p . □ 



4 Reduction of the resolvent to a compact oper- 
ator 

In this section we study the boundary value problem 

- Am = (1 - k^)u + / in n^, M = on dU^, (4.1) 

where G C ranges in a small neighbourhood of zero, / G L2{Iluj), supp/ C 
^Lu,i3 '■= {x : \x'\ < P}, (3 > 0. We choose (3 so that lu C {x' : \x'\ < f3/A}. If d = vr, 
we assume in addition that g is even w.r.t. 0:3 and the same is for u. We should 
also specify the behaviour at infinity for the solutions. If Re /c > 0, we take the 
function u = {Ti^ — 1 + k"^)'^ f as the solution to (14. ip . For other values of k we 
will define the analytic continuation of the operator (7i^ — 1 + A;^)"^ We will do 
it by the technique employed in [1, Sec. 3], [3, Sec. 3. A]. We will also reduce (14. ip 
to a Fredholm equation in L2{Jluifi) that will be one of the key ingredient in the 
proof of Theorems 11.51 II. 6[ 

Let g G L2(Jluj,i3), suppt? C n^^^/j, and g is even w.r.t. 0:3, if = tt. By 
V = v{x, k) we denote the solution to the problem 

— Af = (1 — A;2)t> + (7 in 110, f = on 9110, 
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given by the formulas 

f (x, k) = 



v^{x,k), X3 G (0,7r), 
v'{x,k), X3 G i-d,0), 



k) = f^(a;', fc) sin jxs, v {x,k) = ^^Vj (x', fc) sin — X3, 

(Jj 



vf{x',k):=^^ J g{y)Ho{i\x' - y'\\/ f - 1 + /c^) sin j/3 d?/, 



R2x(0,7r) 



u^. (x', A;) := ^ y ^(z/)Ho ( ik'-y'ly^^ - l + F j sin^?/3d?/, 



^x(-d,0) 



where Hq is the Hankel function, and yk^ = k, while the other roots are specified 
by the requirement ^/T =1. If /c = 0, we introduce the function as 



1 



y+(^x',0) = ^ J ^((y) ln|x' - y'l sinysdy, 

R2x(0,7r) 

and 

vf{x',0) = ^ j 5f(?/)ln|x' -?/'|sin?/3d|/, if d = tt. 

R2x(-7r,0) 

The function v is well-defined and belongs to 14^2^(110 ^) for all /5 > and considered 
values of k. This fact can be shown by analogy with the proof of Lemma 3.1 in 

Consider the problem 

Aw = Af in n^, w = V on dHoj- (4.2) 

This problem is uniquely solvable in W2{Iluj,i3)- We construct the solution to (14. ip 

as 

u{x, k) = {Aiik)g) (x, k) := wix, k)x + {l - X ) v{x, k). (4.3) 

This function satisfies the boundary condition in (14. ip . Substituting it into the 
equation in (14.11) . we obtain 

g + A2{k)g = f, (4.4) 

A2{k)g := (t; - ^)(A + 1 - e)x ) + 2Vx ) ■ V{v - w). (4.5) 

By 2t we denote the set of the operators A = A{k) bounded as ones from 
L2(n^,/3) into Wi{U^^), W{5, p) and Wi{U^^\Ts) for each P > 0, 5 > 0, and small 
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k, and such that the function A{k)f is real- valued for real- valued / and small non- 
negative k. If an operator A{k) belongs to 21 and is continuous (uniformly bounded, 
holomorphic) w.r.t. k as an operator from L2(n^) into each of aforementioned 
spaces, we will say shortly that the operator A{k) belongs to 21 and is continuous 
(uniformly bounded, holomorphic) w.r.t. k. 
We denote 

^(9)-=^ j fi'(a;)sinx3da;3. 
n„,/3n{x;x3>o} 

Repeating the arguments of the proofs of Lemmas 3.1, 3.3, 3.4, 3.5 in pj and 
of Propositions 3.1, 3.2 in [3], and employing Lemma [2.31 one can prove 

Lemma 4.1. Let k E C be small enough. The operator Ai{k) G 21 zs bounded 
uniformly w.r.t. small k. The operator A2{k) is a linear compact operator in 
L2{Iluj,/3)- For k ^ it can be represented as 

Ai{k)=A2{k^)+A3{k^)\nk, A2{k)=A5{k^)+A6{k^)\nk, (4.6) 

where ^3(-))'^4(') ^ 21 are holomorphic, and A^^-), Ae{-) are linear compact op- 
erators in L2(n^,/3) being holomorphic w.r.t. k. The functions Ai{k'^)f, i = 5,6, 
are real-valued if f is real-valued and k"^ is small and non-negative. For each 
f G L2(n^,/3) there exists a solution to (JjJ^ given by u = Ai{k)g. This solution 
behaves at infinity as 

u{x,k) = c (^k, e'^'I^Vr^ sina;3 + 0(e"^l'''l , 0:3 G (0, vr). 



c{k,0 = -^^{{l + k^-x')g{x)) + O{kl), k-^0, (4-7) 

M(x,fc) = C(e-V^-i+'='l"'l|x'|-i), X3G(-ci,0), if d<7r, 
if k ^ 0, and 



u{x, 0) 



(^aig) In \x'\ + sinx3 + OHxT'), x, G (0, vr) 



U[X, 



0) = C(e-^?-^I^Vr^), X3G(-c/,0), if d<n. 



(4.8) 



For each solution to ( [^. j[ ) behaving at infinity in accordance with ( [^. 7| ), ( [^.g[ ) there 
exists the unique solution to jj.j^ such that u = Ai{k)g. 



We denote 

sinxg, X3 G (0,7r) 



VJx) 



[1 - 7) sina;3, X3 G {-d,0). 



By Wq we indicate the solution to (14. 2 p as f = Vq. We introduce the functions Uq, 
by (14. 3 p via Vq and Wq- The next lemma is checked by direct calculations. 
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Lemma 4.2. The identities 



A3i0)g =(C - ln2)A(0)(7 + Ai{0)g, A(0)(? = aig)Uo, 

A,iO)g =(C - ln2)A(0)(7 + A(0)^7, A(0)^7 = -a((7)(A + l)f/o, 

/ioW true. 

Lemma 4.3. Let k = 0. There is a finite number of linear independent non-trivial 
solutions to Ii4-^ assumed to be even w.r.t. to if d = n. They can be 



chosen so that there is at most one solution behaving at infinity 

^(x) = In sinxs + |a;'| ^ +oo, a;3G(0,7r); (4.9) 

at most two solutions satisfying and a finite number of solutions belonging 

to L2(n^). Each of these solutions is infinitely differentiable up to the boundary 
except duj x {0}, and in the vicinity of du x {0} it satisfies lil.lOO . 

Proof. The statement on the existence and the number of the solutions follows im- 
mediately from (14.81) . The claimed smoothness is due to the standard smoothness 
improving theorems. The formula (11.101) can be checked by analogy with the proof 
of Lemma 4.2 in pj. □ 



Lemma 4.4. Let k = 0. The equation ( [^.^[ j is solvable if and only if{f, ^j)i2(n^ p) - 
0, where are non-trivial solutions to Iji4-i\ ), ( |^.<^| ). // the solvability conditions 
holds true, there exists the unique solution of Ili4-4\l orthogonal to 0. 



Proof. By Lemma [4.11 the operator ^2(0) is compact. Thus, the equation (14. 4p is 
solvable if and only if (/, 0*)L2(n„ /s) = O5 where (p* are non-trivial solutions to the 
adjoint equation (p* -\-Al{0)(l)* = 0. It is sufficient to show that 0* = \E'j. Since the 
number of 0* and \E'j are the same, in view of Lemma 14.11 it is sufficient to check 
that 

= (VI/, + Alm^, /^),,(n.,,) = {^^, h + A(0)/^),^(n^^^) 

for all h G L2{lj,/3). We denote u := Ai{0)h; by the definition of ^i(O) this 
function satisfies (14.81) . The same formula is valid for "^i. Moreover, h -\- A2{0)h = 
— (A + l)u. Taking these facts into account and integrating by parts, we obtain 

+ A(0)/i)^^(n„^) = - / ^i(A + l)Mda; = - j u{A + l)^idx = 0. 

□ 



Proof of Lemma \1.4\ The most part of the lemma follows from Lemma 14. 3j it re- 



mains to check the statement on the solution satisfying (11.81) . If there exists the 
non-trivial solution u behaving at infinity in accordance with (14. 9p . the problem 
(11.71) can not has a solution \Ef satisfying (11.81) . This fact can be proven by inte- 
grating by parts in the integral = J ^(A + 1)\E' dx. 
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Assume that there is no non-trivial solution obeying (14.91) : let us prove that in 
this case there is the unique non-trivial solution behaving at infinity as 

^(x) = (cln|a;'| + l)sina;3+C(|a;'|"^), |a;'| ^ +00, a;3G(0,7r), c 7^ 0. (4.10) 

We construct it as 

vl>(x) = ^{x) + (1 -X f 4^ ) ) In l^^'l sinxs, X3 G (0, vr), 



3/3 

^(x) = $(x), X3e{-d,0), if d<n, 

\E'(x) = \E'(a;) + ^1 - X ^^^^^ In sinxs, X3G(-7r,0), if = vr. 

It leads us to the problem fl4.ll) for \1' with k = where 

fix) = (A + 1) (^1 - X ) sin X3, X3 G (0, tt), 

fix) = (7 - 1)(A + l)(^l-x (^)) sina;3, X, G (-TT, 0). 

Taking into account Lemma 14.11 and integrating by parts, it is easy to check that 
(/, \E'j)i2(n„^) = for each non-trivial solution of (Hll) . By Lemma [Ol 

the equation fl4.4p is thus solvable that by Lemma 14.11 proves the solvability of the 
problem for The uniqueness of ^ follows from (l4.1Up . □ 

5 Singularity of the resolvent 

In this section we study the behaviour of the operator (I-|-^2(^))~^ in the vicinity 
of A; = 0. We remind, that ii d = it, we restrict all the operators on the even 
w.r.t. X3 functions. We consider two cases corresponding to different possibilities 
of presence of non-trivial solution described in Lemmas 11.41 14.31 The results of the 
section will be employed in the proof of Theorems II. 5[ II. 6[ 

5.1 Absence of decaying and logarithmically growing non- 
trivial solution 

Here we deal with the case when the problem (14.11) . (14. 8 p has no non-trivial solu- 
tions described in Lemma 14.31 As it has been shown in the proof of Lemma 11.41 
in this case the problem fll.7p has the unique non-trivial solution satisfying fl4.10p . 
We substitute (14. 6 p into (14.40 and take into account Lemma It leads us to 

9 + ^2(0)^ - (In A; - In 2 + C)a(^)(A + l)Uo + kHnkA7ik)g = /, (5.1) 

where 

^ A,ik^) - ArM + {Mk') - AeiO))\nk 

■= WhTk 
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is a compact operator in L2{Iluj,i3) continuous w.r.t. small real k. The same is 
true for [kAj^k))' . Hereinafter the expressions like InkAri^k) are understood as 
{\nk)A7ik). 

By the assumption the operator (I + ^2(0)) is invertible, and the same is thus 
true for (I + ^2(0) + k^\iakAj{k)). We denote the inverse to the latter as Asik) 
and apply it to (EH]): 

g-{\nk-\n2 + qa{g)As{k){A + l)f/o = As{k)f, 

Now we apply the functional a to the equation obtained that solves (15.11) : 

^{As{k)f) 



<9) 



(In A; - In 2 + C)a(y^8(A;)(A + l)Uo) ' 



, (Infc - ln2 + C)a(A(fc)/) A(fc)(A + l)Uo , 

+ ^ = '= l-(lnfc-ln2 + C)a(^8W(A + l)^o) ^ 

(5.2) 

Let us prove that the denominator is non-zero. In order to do it, we need 
Lemma 5.1. The identities 

^i(0)^8(0)(A + l)f/o + f/o = ^, a((A + l)f/o) = c, 
hold true, where \1/ is the unique solution to ([i. ?| ), l^i-8\) . and c is from (^77^. 
Proof. It is sufficient to prove the former formula, since it implies the latter due 

to m . 

The definition of As yields that ^8(0)(A + l)f/o = (l + A2{0))-\A + l)Uo, and 
hence ^8(0)(A + l)Uo is the function g corresponding to the solution u of (14.11) . 
M with = 0, / = (A + l)Uo. Thus, the function u + Uq solves (HUD, fOD . 
that by the uniqueness completes the proof. □ 

This lemma and the definition of As imply that 

a{As{k){A + l)Uo) =c + Ph{k)\nk, 

where the function h{k) is continuous w.r.t. small real k, and the same is true 
for {kh{k)^ . We substitute this identity into (15. 2p . take into account (14.61) and 
Lemmas 14. 2[ 15. H and arrive at 

Lemma 5.2. // the problem ( [i. 7] ) has no hounded non-trivial solution satisfying 
(^T5p or ( (j.<§l) . then the operator Ai{k) {I + A2{k))~^ G 21 zs hounded uniformly in 
small real k. If the prohlem jjil-lD has the unique hounded non-trivial solution and 
it satisfies U.8\) . then 

Ai{k){l + A2{k)y^ =(lnfc-ln2 + C)a((I + ^2(0))"' 

+ ^i(0)(I + A(0))-' + k^ kAc>{k), 

where Ag G ^ is continuous w.r.t. small real k and the same is true for (^kAg^k))' . 
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5.2 Presence of the unique logarithmically growing solu- 
tion 

In this subsection we study the case when the problem (11.71) has the unique solution 
satisfying fl4.9l) . We denote it by \E'; let G L2(n^,/3) be the associated solution to 
flOD with = 0, / = 0. 

We construct the solution to (14. 4p as 

g = a(j) + g, (5.3) 

where a = a(g, f) is a constant. We substitute this identity and (14. 6 p into (14. 4p 
that yields 



g + A2i0)g - (In - In 2 + C)a(5^)(A + l)Uo + In kA7{k)g 
- aigj)i\nk -\n2 + C)iA + l)Uo + a(g, f)kHnkArik)(l) = f. ^ ' ^ 



Here we have used the identity 

a(</)) = 1 (5.5) 

which follows from the definition of (p, and (14. 8p . (14.90 . Integrating by parts, one 
can check that 

^(A + l)f/odx = -77r2 



/ 



Taking into account this formula and Lemma 14.41 we calculate the inner product 
of (El and ^, 

77r2(ln A; - In 2 + C) (a(^) + a(g, /)) + k\A7{k)g, ^')L2(n„,^) In k 

+ a{g, f)k\A7{k)(P, *)L2(n„.^) In A; = (/, *)L2(n^.,)- 

Hence, 

(/, ^)L2(n^,/3) 



77r2(ln A; - In 2 + C) + P In A;(^7(A;)0, ^)L,(n.,,) 

77r2(ln - In 2 + C)a(fi^) + k'iA7{k)g, ^)L,(n..,) In ^ ' ' 



77r2(ln A; - In 2 + C) + k^{A7{k)<f), ^)L,(n„,,) In A; 

We substitute this identity into (15. 4p and obtain 

g + A2{0)g + kHnkAio{k)g = f, 
, , 7vr^(lnA;-ln2 + C)a(-) + fc^(^,(fc)-,xl/)^,(n,,,)lnfc ^ 

^= ^'^'^ - 7vr^(ln^ - ln2 + C) + ^^(^.(fc)0, v^).,(n.,,) In^ "^^^'^^ 
^ (A(A;)-,M/)z.,(n,.,)-a(-)(A(fc)0,vl^)L,(n,,,) o^rVA^iur 
+ 7^^ (In ^ - In 2 + C) + F In ^ v^)..(n.,,) ' " + C)(A + l)f/o. 
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{{\nk-\n2 + q{A + l)Uo-eA,{k)(f)\nk) 
^ ^ + 7vr2(ln - In 2 + C) + k^{A,{k)^, ^)L,(n.,,) In k 

It is easy to check that the operator is a compact one in L2(Jluj,i3) bounded 
uniformly in small real k. One can also make sure that 

(7,*)L2(n.,,) = 0, (Ao(A;)5^,^)i^(n^ ^) = for each g e L^iU^,^). 

Hence, / G {^I/}"'", where i"^}^ is the orthogonal complement to \E' in L2{Iluj^i3). 
Since the operator (I + ^2(0))^^ : {^E'}"'" — > {0}"'" is bounded by Lemma l44l we 
conclude that the operator (1 + ^2(0) + k"^ \n kAio{k)) {'^}'^ —* {0}"*" is bounded 
uniformly in small real k. Thus, 

g= {l + A2iO) + kHnkAio{k))~\ 

We also note that by ([53]), I^Mj 

(/, ^)L2(n„,/3) 



3(9) =a{9) + ^{9 J) 



77r2(ln A; - In 2 + C) + P In k{Ay{k)<P, '^)l,(u^^,) 
p(A(A;)(a(5^)01nA;-5?),v|/' 



+ 



i2(n^,/3) 



77r2(ln A; - In 2 + C) + k^{A-j{k)<P, In k ' 

These identities, the formulas for a(cj, /) and /, fl5.3p . and Lemma [4.21 lead us to 

Lemma 5.3. Suppose the problem has the unique non-trivial solution, and 

it satisfies i4-^ - Then the operator Ai{k){\ + A2{kyj ^ is hounded uniformly 
in small real k. 



6 Eigenvalues emerging from the essential spec- 
trum 

In the section we prove Theorems 11.51 11.61 

Proof of Theorem li.51 Given cj^, we describe the domain 11^^ in terms of the Carte- 
sian coordinates ), and introduce new variables as 

X = X (^^^ MiE)x + (^l-x(i^^x, (6.1) 

where r := y^f^ + a;|, (r, s) are associated with x' and 5a;, 5 > is small enough. 
The mapping Ai{6) is described by the formulas 



T = T-ef3{s), S = S, X3 = X3Wl+ ^ ^^^^ 



(1 -rk(s))2' 
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It is clear that under this change of variables the domain is mapped onto 11^. 
We rewrite the eigenvalue equation Tiuj^iJ = ■^V' the variables x that leads us 

to 

{n^-eC3{e))i/j = X^, (6.2) 

where Cs{s) is given by the expression in the right-hand side of fl3.2l) with the 
coefficients belonging to C(Ts x [0,eo]), > 0, and supports lying inside Ts. The 
operator £3 can be represented as 

Csie) = £4 + eC, + e^Ceie), U = /?X^(A + 1) - (A + 

2(1 - rk)2 aa;3 + + 2(1 - rk)^ 9a;3 

where /? = /?(s), x = x(^^/^^^ ^^(^ ^ei^) is given by the expression in the right- 
hand side of f l3.2p with the coefficients belonging to C(Ts x [0,eo]), £0 > and 
supports lying inside Ts. The operators £4, £5 are in fact second order differential 
operators satisfying fl3.2p with some compactly supported continuous coefficients. 
We write them in terms of Laplace operators since it is more convenient for the 
following arguments. We also observe that the operators i = 3,4,5, are Huj- 
bounded by Theorem 11.11 and the bounds can be estimated uniformly in e. 
We can rewrite (16.21) as 

{n^ - A)^ = eCs^. (6.4) 

If we denote now A = 1 — A;^, we conclude that an eigenfunction ip is a non-trivial 
solution to dm]), (HHD with f = fe := eC^tjj. 

Let us find all values of k converging to zero as e — *■ -|-0 for which the problem 
(14.11) . (14. 7p with / = eCsip has a non-trivial solution. If the solution belongs to 
V{T-Cuj), it will imply that A = 1 — A;^ is an eigenvalue of Huj^ close to the threshold 
of the essential spectrum. In order to find such values, we employ the approach 
similar to that used in [3], [T], [7j, [H]. 

We note that in the case d = n the eigenf unctions of Huj^ are even w.r.t. x^, 
that can be proved by analogy with [1], Lemma 4.1]. Because of this in the case 
d = 7T we restrict our considerations to even on 0:3 functions. 

It follows from (El and Lemma O that V = Ai{k){l + A(A;))~Ve- We 
substitute this formula into (16.21) and obtain 

/, - eC,A,ik) (I + A2ik))-'f, = 0. (6.5) 

By the hypothesis and Lemmas II. 4[ 14.31 in the case considered the problem (11.71) , 
(14. 8 p can have at most one non-trivial solution, and if exists, it satisfies (14. 9p . 
Hence, by Lemmas 15.2115. 31 the estimate (II. 3p . and the definition of £3 we conclude 
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that the operator C3Ai{k)(l + A2{k)) ^ is bounded uniformly in e and small 
real k as an operator in L2{Iluj,/3)- Thus, for e and small real k the operator 
(I — eC3Ai{k)(l + A2ik)) ) is boundedly invertible, and the equation (16. 5p has 
the trivial solution only. Therefore, the equation (16.41) has no non-trivial solution 
for small e and real k that completes the proof. □ 

In the proofs of the next theorem we will employ 

Lemma 6.1. Suppose that there exists a non-trivial solution to ( (i. 7p , Ili4-^ - 

Then 

'^'^ = • 

Proof. We denote u := Ai{0)g. This function solves (HTT]) . for k = 0, f : = 

(I+^2(0))5'. Now it is sufficient to integrate by parts in the integral (/, \E') L2(n„ f,) = 

(/, ^l')L2(n„) = — J ^&(A + l)u dx to prove the claimed formula. □ 
n 

Proof of Theorem \1.(A We argue here as in the proof of Theorem 11.51 up to the 
equation (16.51) . We substitute the representation for ^i(A;)(l + A2{k)) given in 
Lemma [5.21 into (16. 5p . 



- e(ln A; - In 2 + C)a ((I + ^2(0))^ Ve) 

-££3A(0)(I + A(0))-V.-^A;2lnfc£3^9(A;)/, = 0. ^ ' ^ 



By Lemma the operator £3(^^(0) (I + A(0))"^ + k'^Xn^ kA^^ik)^ is bounded 
uniformly in e and small real k as an operator in L2(n^). Hence, the operator 

I - eC^{Ai{Q){\ + ^2(0))-' + k^ In^ kA^{k)) 

is boundedly invertible. We denote the inverse by Aii{e, k) and apply it to (16. 6p . 

/, = ea ((I + ^2(0))- V.) k)C^^. (6.7) 

We seek the non-trivial solution to (16.20 . By Lemma l4.ll it implies that the as- 
sociated function is also non-trivial. Hence, by the identity obtained, a ((I -|- 
v^2(0))~^/£) 7^ 0. Taking this inequality into account, we apply the functional 
a ((I + .42(0))"^ ■ ) to (I62D and arrive at 

1 = £(lnA;-ln2 + C)a((I + A(0))"Uii(£,A;)£3^). (6.8) 

The roots of this equation are values of k for which the equation (16. 5p has a non- 
trivial solution. This solution is unique up to a multiplicative constant and reads 
as follows 

fe = e{\nk-\n2 + C)Aii {e, k)Cz^!. (6.9) 
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The corresponding non-trivial solution to (14. ip . (14. 7p is given by ipe = + 
-^2(^))~^/e- In view of (16.81) the coefficient c in the asymptotics (14.71) satisfies the 
identity 



4:Vk 



4Vk{lnk-\n2 + C) 



C(l), 



where we have employed (16. Sp . Hence, c is non-zero and the function ip,; decays at 
infinity (and thus belongs is a needed eigenfunction), if and only if it is associated 
with a positive root to (16.80 . We also note that for A; = the equation (16.40 can 
not have a non-trivial solution. Indeed, if so, it satisfies (14.81) . that allows us to 
rewrite (16.41) as 

By the boundedness of Au{e, 0) implies fs = 0. 

Let us study the existence of positive roots to (16. 8p . We rewrite the equation 

as 

j^^^-^^^-5a((I + A(0))-Un(e,A;)£3^) =0. (6.10) 

The properties of Ag stated in Lemma [5^ and the definition of Au imply that the 
function in the left-hand side of this equation is real- valued and continuous w.r.t. 
small non-negative k. Moreover, 



^a((I + A(0))-Un(e,A;)/:3^) 



where the constant C is independent of e and small non-negative k. Hence, the 
derivation of the left-hand side in (I6.10p is strictly negative for small positive k 
and small e. Therefore, this equation has at most one positive root. It is clear 
that this root exists, if 

a((I + ^2(0))-Uii(£,0)£3^) <0, (6.11) 

and does not exist, if 

a((I + ^2(0))-Uii(e, 0)£3*) > 0. (6.12) 
By Lemma 16.11 and the definition of Au we obtain that 
a{{l + A2{0)r'An{e,0)Cs^) 

= a((I + A(0))-^(I + sCsAmi^ + ^2(0))-^)/:3^) + Oie^) (6.13) 
= Co + eCi + Oie^), 

_ (£4^,^)L,(n) ^ _ (£5^, ^)L,(n.) + (A^i(0)(I + A2m-'C,^, ^)l,(u^) 
L'o •— 5 ) ^1 •— 5 ■ 
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We denote u := A(0)(I + ^(O))-^^^- It follows from LemmaOand ([63D that 
u is the unique solution to (jM]) for A; = 0, / = £4^ = -(A + l)Px^- We 

denote now ^ := u — /^xff and conclude that there exists the unique solution to 
fll.7l) satisfying fl4.8l) and fll.lip . The identity fll.lll) follows from the formula 

6 39 
^(x) = l^{sy/^ sin - + 4^^(s)rsin^ + /J^(s)r^/2 sin — + 0{r^), r +0, 

t-^ e which can be proved by analogy with Lemma 4.2 in [1]. Moreover, 



^ 0, since otherwise the function ^ G PV2^(n^) is a non-trivial solution to 
fll.7l) belonging to L2(n^) that contradicts to the hypothesis. We also note that 
the function u satisfies (11.101) with li^ replaced by /g,. 

We employ now all the aforementioned facts and (16. 3p . and integrate by parts, 

1 /■ 

^0 = - y + = -ii, 

1 /■ o oS^^' 1 /■ 9 9^ 

+ / + + ^ / ^''^'^ + ^>"^^ 

1 /" (9?; 1 /" (9?/ 

- — / v[/(A + l)/3x^ dx = -— U{A + l)/3xj- dx = -h. 

Hence, by f l67[3l) . 

a((I + A(0))-Mii(£,0)/:3^) =-ii-d2 + 0(£'). (6.14) 

It yields that the inequality (I6.12p holds true, if the condition (ll.lSp is valid, i.e., 
in this case the operator 7i^^ has no eigenvalues converging to 1 — as e ^ +0. 
If the condition (I1.12p is valid, it implies (16.111) . and in this case the operator 7i^^ 
has the unique eigenvalue converging tol — Oase— *-+0. This eigenvalues is given 
by Ae = 1 — /c^, where is the root to (I6.10p . The formula (I6.14p and equation 
(16.1 op yield the asymptotics for fc^, 

ke = 2e"^^'te~^ (l + 0{e)) , if ii > 0, 

ke = e~^{c+0{e)), if ii = 0, i2>0, 

where c is a constant. These formulas prove (ll.lSp . 

The identities (16.81) . (16. 9p and the representation for Ai{k){l + A2{k))^^ given 
in Lemma 15.21 imply that 

V'e(x) = ^(x) + 0(e) (6.15) 
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in W2^(n^ ^) and M^2^(n^ ^\'^s) for each P > 0, 5 > 0. Given 5 > 0, we can choose 5 
in fl6.1l) small enough so that x = x as x E j^\Tg. Hence, by (16.151) we conclude 
that 

^jjeixix)) = ^(x) + 0{e) 

in W2{S \ Ts) for each fixed bounded domain S C 11^^ and each 6 > 0. 

We pass to the variables x in f l6.15p . and in view of last identity we conclude 
that the asymptotic (11.141) is valid in the norm W2(Jlui,i3), if 



(6.16) 



for a fixed 6 > small enough. Here the norm is understood in terms of variables 
X. The lowest eigenvalue of Dirichlet Laplacian in increases unboundedly as 
6^+0. We employ this fact, the minimax principle, and the obvious identity 



to conclude that for S small enough the inequality ||Vv9, 



£|Il2{t.) 



^llv'elliaCr-) holds true. It is also clear that the L2(Tj^)-norm of ip^ is bounded 
uniformly in e, and ||(A£ + l)ips\\L^(^fg-) = 0{e). We employ two last relations and 
integrate by parts, 

ll<^£|lwi(Tj) ^ 3 (^IIV^V^elliaCTj) " II V^e II L{Tj)) 

'^'^^^ dx - 3 J ipe{A^ + l)Ve dx 



9Tjn{x:X3=0} 



(9X3 



where 



^(x(x)) 



diPe 



(9X3 



dx' — 3 



^(x) 



(9X3 



dx + 0(e), 



9X3 



^•^'(J'.-o) +0). 



9X3 ^ ' ' 9X3 

It follows from (ll.lOp that the integrands in the remaining integrals are bounded 
uniformly in e. Since the area of dU^ \ dU^^ and dU^^ \ dU^ is of order e, we 
arrive at the identity (I6.16p . 

The exponential decaying of ips at infinity is due to (14. 7p . □ 
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